Solution  section 2.8 — Related Rates

Exercise

_ 2 o OX o dy __
If y=x“and dt—3,thenwhat|s at when x=-1

Solution

dy _ dy dx

dt  dx dt
= 2x(3)
= 6X

dy
E X=—1 = 6(—1) :—6

Exercise

If x:y3—y and %:S,thenwhatis% when y=2

Solution

dx _ dx dy
dt ~ dy dt

~(3y*-1)(5)

-5(3y% 1]

8. -sae oo

Exercise

A cube’s surface area increases at the rate of 72 in2 / sec . At what rate is the cube’s volume changing
when the edge length is X = 3 in?

Solution

Cube’s surface: S = 6X2

dS _ 4o, dx
dt_lzxdt

_ _72 _
72=12x(3) = |l<_26_g
v=x = dY _g2dx

dt dt

2 . 2
(jj_\t/ 3 =3(3)"(2)=54.in“ /sec
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Exercise
The radius r and height h of a right circular cone are related to the cone’s volume V by the equation

Vv :%ﬂ'rzh .
a) Howis %\t/ related to ?j? if r is constant?
b) How s %\tl related to g[ if h is constant?
c) Howis %\tl related to c(jjr and g? if neither r nor h is constant?
Solution
¥4
Ol ik
c) %—Yz%ﬂrh g[ +17r2 g?
Exercise

The voltage V (volts), current | (amperes), and resistance R (ohms) of an electric circuit like the one
shown here are related by the equation V = IR . Suppose that V is increasing at the rate of 1 volt/sec while

I is decreasing at the rate of %amp / sec. Let t denote time in seconds.

L V_
a) What is the value of %—\{? ||
(
b) What is the value of ?j![ M'r
AN
¢) What equation relates %R to %—\t/ and g![ ? R

d) Find the rate at which R is changing when V = 12 volts and | = 2 amp. Is R increasing or decreasing?

Solution

a) %\t/ 1 volt / sec

di
b) dt 3amp/sec

o 4V _gdl, dR

dt dt dt

drR _dv dl _ _V
Idt G Rdt V=IR = R=7
drR ;(d_v_\idl)

dt  I\ldt 1d

d) %—Tz%((l)—%(— )):%(3) %ohms/sec R is increasing
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Exercise

Let X and y be differentiable functions of t and let s = \/xz + y2 be the distance between the points (X, 0)
and (0, y) in the xy—plane.

a) Howis gf related to (gi)t( if y is constant?
b) How s gf related to ((j:i)t( and Y if neither x nory is constant?
c) Howis ax related to dy if S is constant?
dt dt
Solution
1/2
s=«/ 2+y2 =(x2+y2)
g )
2 dt
- x
«fx2+y2 dt
1/2
_1(2. 2 dx dy
b) =2 2(x +y ) (2xdt+2ydtj
1 dx y
B ( m+ymj
X y
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Exercise

A 13-ft ladder is leaning against a house when its base starts to slide away. By the time the base is 12 ft

from the house, the base is moving at the rate of 5 ft/sec.

a) How fast is the top of the ladder sliding down the wall
then?

b) Atwhat rate is the area of the triangle formed by the
ladder, wall, and the ground changing then?

c) At what rate is the angle 8 between the ladder and the
ground changing then?

Solution

L=13ft x=12 %:Sft/sec

y =132 -122 =5

a) x%+y?=13°

Given:

dx 45y Ay _
2xdt+2ydt—0
dy __,dx
Yar ™ at
dy _ xdx
dt y dt

__12

- 5(5)

=-12 ft/sec| The ladder is sliding down the wall

b) Area of the triangle formed by the ladder and the walls is:

dA _1f dx &y
dt _z(ydtﬂdtj

=3((5)(5)+(12)(-12))

=-195 ft2 /sec|

X —sin@Yv —
13 = smedt

de___ 1 X
dt 13sin@

C) coséd=

=-1rad /sec
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Exercise

Water is flowing at the rate of 6 m3 / min from a reservoir shaped like a hemispherical bowl of radius 13
m. Answer the following questions, given that the volume of water in a hemispherical bowl of radius R is

V= % y2 (3R —y) when the water is y meters deep.

Center of sphere

I

Water level —N

r

a) At what rate the water level changing when the water is 8 m deep?
b) What is the radius r of the water’s surface when the water is y m deep?
c) At what rate is the radius r changing when the water is 8 m deep?

Solution

Given: %—\t/=6 m3/min R=13m

a) V :%yz(E}R—y):szyz—%y3

av _ _ay2| W
at —(27Z'Ry Ty )dt Factor 7y

dv _ o dy
E‘”V(ZR y)dt
1

d :
& @ @) ) ™

b) The hemispherical is on the circle: r? +(13- y)2 =132

13-y
I—I/

r2 :169—(169—26y+ y2)

~169 169 + 26y — y2 !
=26y - y?

r= «j26y— y2

26-2(8) -
_1 _1)\___5 _ 3
=3 ( 5 ) 5oy = 0.005526] or [5.526x10
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Exercise

A spherical balloon is inflated with helium at the rate of 100z ft3 / min . How fast is the balloon’s radius
increasing at the instant the radius is 5 ft? How fast the surface area increasing?

Solution

Given: Oclj—\t/:lOOn ft3/min r=5ft

|fvzg7zr3 = AV p2dr

dt dt

dr__ 1 dv

dt 4,2 dt
-—1 __(1007)
47 (5)°
=1 ft/min

2 2 .
S=4nrc = \%zSﬂ'l‘%zSﬂ'(S)(l)zﬂrOﬂ' ft= / min

The rate of the surface area is increasing.

Exercise

A balloon rising vertically above a level, straight road at a constant rate of 1 ft/sec. Just when the balloon
is 65 ft above the ground, a bicycle moving at a constant rate of 17 ft/sec passes under it. How fast is the

distance s(t) between the bicycle and the balloon increasing 3 sec later?

Solution

Given: %:lﬂ/sec y =65 ft %:17 ft / sec

Bicycle increasing 3 sec: x =vt =17(3) =511t
s2=x21+y?2 = |[s=v51%+65% ~83ft |

ds _ 5y dx dy ‘
stt_zxdt+2ydt |

ds _1f,dx, A
dt_s(xdterdtj

= 35(51(17) + 65(2))

~11 ft/sec " 0
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Exercise

A dinghy is pulled toward a dock by a rope from the bow through a ring on the dock 6 ft above the bow.
The rope is hauled in at rate of 2 ft/sec.

a) How fast is the boat approaching the dock when 10 ft of rope are out?
b) At what rate is the angle 6 changing at this instant?

Solution
Rx.ng at cdc
Given: h=6 ft %-—2 ft / sec “""‘i}‘ | -
o
a) s=10ft 7
2=x2162 = x:\/52—36 foe ' - ’
2 ds — oy OX dx " P . '
St - Xt

_:#_s

dt [2 o0 dt

dx| 10 (\__

dt sﬂO‘m( 2)=-25 ft/sec|

_6 _ do __ 6 ds
b) cosé’-S = -sing=Z > dt

dt
do__ 6 ds GingX_N10°-36 _ 8
dt g gs2 dt s 10 10
do ___ 6 (-2)=-0.15 rad /sec|
dt  (8)10?
Exercise

The coordinates of a particle in the metric Xy—plane are differentiable functions of time t with

?j)t( —1m/sec and ((jj)tl —5 m/sec. How fast is the particle’s distance from the origin changing as it

passes through the point (5, 12)?

Solution
ven:  OX _ _ dy _
Given: i 1 m/sec i 5 m/sec
52:X2+y2 = |_S:\/X2+y2:\/52+122 :]ﬁl
ds _ 5y dx dy
255t = X gt q

ds _1f,dx Y
dt _s( dt +ydt]
& (512) %(5(_1)“2(_5)):%

dt
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Exercise
Coffee is draining from a conical filter into a cylindrical coffeepot at the rate of 10 in® / min.

a) How fast is the level in the pot rising when the coffee in the cone is 5 in. deep?
b) How fast is the level in the cone falling then?
Solution

r =3 OI—V—10 in3/min
pot dt

a) Let h be the height of the coffee in the pot.

Volume of the coffee: V = 7rr2h =97h

™ How fast

is this
(:(Ij\t/ or ((jj? N |(‘.\l‘€.| falling?
dh_ 1 av_ 10 f—
dt 972' dt  9x (10) O in/min = A1 \

b) Radius of the filter: r =g

How fast
is this

2 3 o
l 2 :l (h zh level rising?
Volume of the filter;: V = 3 h 37z 2) h SR
dt 4 dt

dh_ 4 dvV__ 4 _(_10)=—23 in/min
dt 7Z'h2 dt 72_(5)2 T

Exercise

A particle moves along the parabola y = x“ in the first quadrant in such a way that its X-coordinate

(measure in meters) increases at a steady 10 m/sec. How fast is the angle of inclination & of the line
joining the particle to the origin changing when X =3 m?

2

Solution
J)
Given: y=x2 v=9%_10 m/sec x=3m
dt 91
2 |
tang =Y =X" |
X X |
d _d 6 |
at tane_dtx I
2 ,dO _ dx |
Sec th at 3 I
dé 1 dx 2 5dx
= =2 = c0s“ @ 0 |
3 4

=1 rad /sec
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Exercise
A light shines from the top of a pole 50 ft high. A ball is dropped from the same height from a point 30 ft
away from the light. How fast is the shadow of the ball moving along the ground % sec later? (Assume

the ball falls a distance s =16t ftint sec.)

Solution Light
2 Y Ball at time r = 0
S+ h = 50 & 172 sec later
o P
Triangles XOY and XQP are similar: Lo i
_XQ ox _30+XQ ;
" h B 50 B 50 30 i Shadow
50|XQ|=30h+h|XQ| o) Q X

(50—h)|XQ| =30h
_ 30h
XQ=55"
~30(50-5)
50— (50-5)
30(50—16t2)

© 50-50+16t2

_ 1500 - 480t2
16t

_ 1500 _ 480t>
16t2  16t2
_ 1503 _30
16t

4| xq|=1500—=32L
ol

~1500 =32t
256t

__375
o3

2Ixq o, =—%=—1soo ft / sec
:E 2 E
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Exercise

A spherical iron ball 8 in. in diameter is coated with a layer of ice of uniform thickness. If the ice melts at

the rate of 10 in / min , how fast is the thickness of the ice decreasing when it is 2 in. thick? How fast is

the outer surface area of ice decreasing?

Solution
Given: D:8|n—>r1:4|n it
_4_.3 AV _ g p2dr
V_37zr = at Arr dt
dr 1 dv
dt 4,2 dt
dr -1 (—10)=—i in/ min
t r=6 47[(6)2 127
S=471'r2
dS _go . dr
dt = gt
ds

_ _ .5 -_10 ;.2
at | r=6 —871(6)( 727[) 3 N / min

The outer surface are of the ice is decreasing at

Exercise

_10

av _ -10 in3/ min think =2 in

3 in2 / min

On a morning of a day when the sun will pass directly overhead, the shadow of an 80—ft building on level
ground is 60 ft long. At the moment in question, the angle &#the sun makes with the ground is increasing
at the rate of 0.27 °/ min. At what rate is the shadow decreasing?

Solution
x=60ft h=80ft
GiVeN: 140 _qo7o. i _aogozrad 1 _ 37 :
E-O.Z? min = 0.27 180° min — 2000 rad / min
_80 d tang=4d80
tan @ = = dttané? It x
2p9do _ 80 dx
sec” 0t = y2 dt
dx _| x®sec?6.do cosg—__ 60 _ 60 _3 E E
dt 80  dt /602 Lgo2 1005 =
2 H=H
2(5
:60 (3) ( 3z ) 2 o
80 2000
= 0.589 ft / min|
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Exercise

A baseball diamond is a square 90 ft on a side. A player runs from first base to second at a rate of 16
ft/sec.

a) At what rate is the player’s distance from third base changing when the player is 30 ft from first
base?

b) At what rates are angles 491 and 492 changing at that time?

c) The player slides into second base at the rate of 15 ft/sec. At what rates are angles 6?1 and 92
changing as the player touches base?

Solution
- Second base
Given: dy =90t dp=30ft =16 ft/sec *
e o, f Player
X: Distance between player and 2" base Toi LA S__~ o 'MF
I o O - st
s: Distance between player and 3" pase base @ ﬁ L
a) x=90-30=60 ft
1%
s2=x2 1902 > s=1602+902 = /11700 = 3013 Hoae
ds _ 5y dx
20 = Xt
ds _ x dx
dt s dt
60
=—>_(-16
30\13 (~16)
~ —8.875 ft / sec|
déo
ing. - 90 "1 __90ds
b) sin 6?1 =5 ™ cosH1 gt 2 dt
! -9 ds cosd, =X
dt 32 cos 91 dt 1 S
99 90 ds
dt §2 X dt
S
__90ds
s-x dt
90
=-———=—(-8.875
30413 (60)( )
~0.123 rad / sec|
de
_9 g _2__90ds
00592 = — —sin 6?2 gt 2 dt
49, ___ 90 ds_ 90 ds sing - X
2 s

dt _stinez dt _S'X dt
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__ 90
e J1_3(60)( 8.875)

~ —0.123 rad / sec|

1____ 90 ds ds _
dt S2 oS 91 dt dt
__ 90 xdx
325 s dt
s
90
2 dt
__ 90 dx
x? +8100 dt
Player slides into second base = x=0
do
—1 ———0 _(_15)=1 rad /sec
dt [x=0 02 48100 6
49, 90 ds_ 90 xdx_90dx
dt SZSinl9 dt SZXS t S t
2 S
90 dx
x? +8100 dt

Player slides into second base = x=0

do
2 :%(_15#_1 rad / sec
dt 1x=0 0218100 6
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